Abstract. The L2-error estimates are established for the continuous time Faedo-Galerkin approximation to solutions of a linear parabolic initial boundary value problem that has elliptic part of order 2m. Properties of analytic semigroups are used to obtain these estimates directly from the LZ-estimates for the corresponding steady state elliptic problem under hypotheses only on the data in the problem (initial condition, elliptic operator).
1. Introduction. We obtain estimates for the error resulting from a continuous time Faedo-Galerkin approximation of the linear parabolic boundary value problem (1.1) u'(t) + Au(t) 0,"
where A is a realization in LZ(G) of an elliptic partial differential operator of order 2m. These estimates are best possible: the rate of convergence is the same as that for the Galerkin approximation of the corresponding (variational) elliptic steady state problem whose exact solution is the initial condition, u 0. These estimates for the rate of convergence are well known; our contribution here is that they are obtained from hypotheses on the data in the problem--the regularity properties of the elliptic operator, an approximation assumption on the rate of convergence in the corresponding elliptic problem and the initial condition --and without the usual ad-hoc assumptions on the solution u(. of the problem. The proofs depend on the existence-regularity theory for the evolution problem.
See [1] , [2] , [12] for related results.
An exposition of the well-known results for the steady state problem is given in 2, where we briefly discuss the approximation of solutions and the interpolation of various estimates associated with these regular elliptic boundary value problems. Section [Ho, H] o, 0 < 0 < 1, and we refer to [10] for references. Such spaces have an interpolation property like (2.3) for bounded operators, and we have (e.g., [9] (3.3) , (3.4) and (3.5 
D,(IU(t)-W(t)l 2) _-< (u'(t)-W'(t), U(t)-W(t)). Note that if f is a continuously differentiable H-valued function, then it is locally
Lipschitz and so then is If(t)l. Hence, If(t)l is differentiable almost everywhere.
Applying this remark to the above estimate gives
U(t)-W(t)ID(IU(t)-W(t)l)-< U(t)-W(t)l. lu'(t)-W'(t)l
for almost every > 0. Consider the set Z {t > O'lU(t) W(t)l 0}. If is not in this set, then we have
If is an accumulation point of Z then the indicated derivative is zero and (3.7) holds. But there are a countable number of isolated points of Z, so (3.7) holds almost everywhere, and we can integrate it to obtain
From the triangle inequality we obtain the fundamental error estimate (3.8) 
We can easily estimate the error contributed by the first term in (3.8) . If 1/2 __< o __< 1, we obtain from (2.11), (2.7) and (3.2), h2m(20 1), 2m =< k,
Similarly, if 0 >__ we obtain the estimates
We intend to obtain from (3.6) estimates of the same order in h for the third term in (3.8) on the interval 0 =< _<_ T, and we consider the preceding five cases separately. 
Adding these with 6 h 4m gives (3.9) lu' W'I <= const. IAuol h'-. [8, VIII implies that, in general, u'e L2((0, r), D(A/2)) L2((0, T), V), so we cannot hope to obtain (3.10) by estimating u' with the norm of L2((0, T), D(A)) or (equivalently) L2((0, T), H2"(G)). 3 . The assumption that M be a subspace of V restricts the method to natural boundary conditions or very special domains. The construction of subspaces satisfying essential boundary conditions is almost always impossible.
